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In this paper we use intersection theory to develop methods for obtaining lower
bounds on the parameters of algebraic geometric error-correcting codes constructed
from varieties of arbitrary dimension. The methods are su$ciently general to
encompass many of the codes previously constructed from higher-dimensional
varieties, as well as those coming from curves. And still, the bounds obtained are
usually as good as the ones previously known (at least of the same order of magnitude
with respect to the size of the ground "eld). Several examples coming from De-
ligne}Lusztig varieties, complete intersections of Hermitian hyper-surfaces, and from
ruled surfaces (or more generally, projective bundles over a curve) are given. ( 2001
Academic Press
Key=ords: error-correcting codes; Deligne}Lusztig varieties; Hermitian complete
intersections; intersection theory.0. INTRODUCTION
Let F
q
denote the "nite "eld with q elements (q a prime power). Goppa
and Manin gave in the early eighties an algebraic geometric method to
construct error-correcting codes over F
q
(see [7]). This method works for
projective varieties of arbitrary dimension. However, most work so far have
concentrated on the case where the codes arise from a non-singular projective
curve.
In the curve case, where the points on the curve have the nice property that
they can be thought to as divisors, one may apply the Riemann}Roch
theorem to give lower bounds on the parameters of the codes. In higher
dimensions, however, we "nd ourselves trying to compare objects of di!erent
dimension.530
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CODES FROM HIGHER-DIMENSIONAL VARIETIES 531Below we give two ways to remedy this and, by using intersection theory
on the variety, we are able to prove lower bounds for the parameters of the
codes constructed.
Since many &&good’’ codes arise from so-called Deligne}Lusztig curves, it
is natural to apply the results to Deligne}Lusztig surfaces, and to the closely
related complete intersections of Hermitian hyper-surfaces. In this way we
obtain long codes with overall good parameters (close to the Griesmer bound
in some cases).
The paper is organized as follows: In Section 1 we review the de"nitions of
Deligne}Lusztig varieties. In Section 2 we recall the algebraic-geometric way
of constructing codes and we give some examples coming from De-
ligne}Lusztig curves. These examples should motivate considering codes
from higher-dimensional Deligne}Lusztig varieties. In Section 3 we prove
the theoretical results which we use in Section 4 to give some examples.
1. DELIGNE}LUSZTIG VARIETIES
In this section we shall de"ne Deligne}Lusztig varieties. General references
are [4, Sects. 2 and 9] and the introduction in [8].
Let (G, F) be a connected reductive algebraic group equipped with an
F
q
-structure coming from a Frobenius morphism F : GPG. Let ‚ :GPG be
the Lang map taking an element g3G to g~1F(g). By the Lang}Steinberg
Theorem [1, Theorem 16.3] this morphism of varieties is a surjective isogeny
with "nite "bres. From this result it follows that, by conjugacy to tori and
Borel subgroups, there exists F-stable maximal tori and Borel subgroups.
Hence there are (with abuse of notation) natural endomorphisms F :=P=
and F : XPX of the Weyl group of G and the variety X of Borel subgroups
of G. Let= be generated by the simple re#ections s
1
,2, sN and let l ( ) ) be the
length function with respect to these generators. F induces a permutation of
the simple re#ections; let d denote the order of this permutation.
Choose an F-stable Borel subgroup B-G containing an F-stable maximal
torus „. Let n : GPG/BKX be the projection.
DEFINITION 1.1. Fix an element w in the Weyl group = and let
w"s
i1
,2, sin be a reduced expression. Call w a Coxeter element if there is
exactly one s
i
from each of the orbits of F on Ms
1
,2, sNN.
(1) Set S (wR )"‚~1 (BwR B). Then we de"ne the Deligne}‚usztig variety
X(w) to be the image of S (wR ) in G/B. That is,
X (w)"n (S (wR )).
We shall think of the points of X(w) as Borel subgroups of G.
532 S"REN HAVE HANSEN(2) De"ne the closed subvariety of Xn‘1
XM (s
i1
,2, sin)"M(g0B,2, gnB)3Xn‘1 :
g~1
k
g
k‘1
3BXB
sik‘1
B for 04k(n, g
n
"F (g
0
)N.
For brevity, we will write XM (w) for this variety. For any w@4w, XM (w@) de"nes
in a natural way a closed subvariety of XM (w). In particular there are divisors
D
j
"XM (s
i1
,2, sL ij,2, sin); j"0,2, n.
Since ‚ is #at, it is open; hence ‚~1(BwR B)"‚~1(BwR B). So X(w) is non-
singular of dimension n and the closure of X(w) in X is given by the disjoint
union
X (w)" Z
w{4w
X (w@), (1)
where as usual4is the Bruhat order in=. This closure is singular whenever
the Schubert variety X
w
"BwR B/B is. But since the open subset
M(g
0
B,2, gnB)3Xn‘1 : g~1k gk‘13Bsik‘1B, 04k(n, g~1n F (g0)3BN
of the non-singular projective variety XM (w) maps isomorphically onto X (w)
under projection to the "rst factor, we have a good compacti"cation of X (w)
[4, 9.10]. In fact the complement of X (w) in XM (w), which is easily seen to be
the union of the D
j
’s, is a divisor with normal crossings [4, 9.11]. If w is
a Coxeter element, then X(w) and XM (w) are irreducible [19, Proposition (4.8)]
and XM (w) maps bijectively to X(w); see [14].
Remark 1.1. The Deligne}Lusztig variety XM (w) is de"ned over the "nite
"eld F
qd
and has many rational points making XM (w) a good candidate for
constructing long codes over relatively small "elds.
The "nite group GF of "xed-points under the Frobenius morphism acts on
both X(w) and XM (w). Hence the codes (to be constructed below) will have the
structure of an F
qd
[GF]-module.
2. CONSTRUCTING THE CODES
In the theory of linear error-correcting codes one is interested in, subject
to some conditions, having an easy way of constructing k-dimensional
subspaces of some n-dimensional F
q
-vectorspace.
CODES FROM HIGHER-DIMENSIONAL VARIETIES 533DEFINITION 2.1. A (q-ary) [n, k, d]-code is a k-dimensional linear sub-
space S of Fn
q
such that the minimum distance
min
(x,y)|S]SC*
d (x, y)" min
(x,y)|S]SC*
dMi : x
i
Oy
i
N
equals d. We call n the length of the code and k the dimension.
DEFINITION 2.2. Tsfasman and Vlax dut’ introduced the following construc-
tion [26, Chap. 3.1] (generalizing the Goppa}Manin construction [7]): Let
X be a normal projective variety over F
q
. Let ‚ be a line bundle de"ned over
F
q
and let P
1
,2, Pn be distinct Fq-rational points on X. SetP"MP1,2, PnN. In
each P
i
, choose isomorphisms of the "bres ‚
Pi
with F
q
. The linear code C(‚, P)
of length n associated to (X, ‚,P) is the image of the germ map
a : !(X, ‚)P n=
i/1
‚
Pi
KFn
q
. (2)
We shall of course from now on assume that all line bundles considered
actually have non-zero global section.
Suppose ‚ arises as the line bundle associated to a divisor D and that the P
i
are not in the support of D. Then we get the same code (up to isomorphism) as
when evaluating the rational functions
‚ (D)"M f3k(X)* : div ( f )#D50N
in the points P.
Remark 2.1. One is interested in codes where, for a "xed minimum
distance, the information rate k/n is as large as possible. Therefore one
introduces the parameter d"d
n
and considers the function
a(d)"lim sup
n?=
1
n
maxMk : there exists an [n, k, dn] code over F
q
N. (3)
There are both upper and lower bounds on a(d). Before Tsfasman, Vlax dut’,
and Zink (see [26]) in 1982 applied Goppas construction to families of
modular curves and improved the lower bound, it was widely believed that
the Gilbert}Varshamov lower bound from the "fties was the best possible.
EXAMPLES 2.1. For a curve C with ‚"O
C
(G), the points P de"ne a div-
isor D and Goppa’s construction yields a code C(G, D) with parameters
k"dimC(G, D)"l (G)!l (G!D); (4)
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k"l (G)5deg(G)!g#1 if deg(G)(deg(D)"n (5)
with equality if deg(G)’2g!2 (by the Riemann}Roch theorem [13,
Theorem IV.1.3]). The minimum distance satis"es
d5n!deg(G). (6)
We have the following strategy for constructing good codes from algebraic
curves.
(1) Find a smooth algebraic curve over F
q
of genus g with a lot of
rational points, say P
0
,2, Pn.
(2) Set G"mP
0
and D"P
1
#2#P
n
.
(3) Compute the image of the evaluation map a :‚ (G)PFn
q
. This
amounts to computing an F
q
-rational basis of ‚ (G).
The resulting linear [n, k, d]-code will satisfy that d#k5n#1!g, or
equivalently
d
n
#k
n
51#1
n
!g
n
. (7)
By the Hasse}Weil}Serre}OesterleH bound there are restrictions on how
many points a smooth curve of "xed genus can have [24, 27, 28]. The
following Deligne}Lusztig curves are maximal with respect to these bounds
and have given some of the best possible codes from curves:
Hermitian Curves. Let C be the curve arising as the Deligne}Lusztig
variety corresponding to the 2A
2
case (see [8]). C is a plane curve de"ned over
F
q2
with equation
C :Xq‘1#>q‘1#Zq‘1"0.
Hence C has genus g"1
2
q (q!1) and 1#q2#2gq rational points (over F
q2
).
The resulting code (over F
q2
) satis"es
d#k51#q3!1
2
(q2!q).
Suzuki Curves. Let q"22m‘1 be an odd power of 2; set q
0
"2m. Let C be
the curve arising as the Deligne}Lusztig variety corresponding to the 2B
2
case (see [8, 11]). C is de"ned over F
q
with equation
C : Xq0 (Zq#ZXq~1)">q0 (>q#>Zq~1),
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0
(q!1), and 1#q2 rational points (over F
q
). The resulting code
(over F
q
) satis"es
d#k51#q2!q
0
(q!1).
Ree Curves. Let q"32m‘1 be an odd power of 3; set q
0
"3m. Let C be the
curve arising as the Deligne}Lusztig variety corresponding to the 2G
2
case
(see [8, 10]). C is de"ned over F
q
with genus g"3
2
q
0
(q!1)(q#q
0
#1) and
has q3#1 rational points (over F
q
).
These examples motivate the study of codes arising from higher-dimen-
sional Deligne}Lusztig varieties.
3. GENERAL RESULTS
In this section we will investigate the germ map (2) further. The funda-
mental question is:
For a line bundle ‚ on X, how many zeros does a section s3!(X, ‚) then
have along a ,xed set P of rational points?
Using the correspondence between line bundles and (Weil) divisors on
a normal variety [5, 2.1.1], we may reformulate the question as:
For a ,xed line bundle ‚, given an e+ective divisor D such that
‚"O
X
(D), how many points from P are in the support of D?
In the curve case, where the points P3P happen to be divisors, one may
apply the Riemann}Roch theorem to give a lower bound on d and a formula
for k. In higher dimensions, however, we "nd ourselves trying to compare
objects of di!erent dimension. This may be remedied in two ways:
(1) Make the objects have the same codimension. This can be done by
blowing up.
(2) Make the objects have complementary dimensions. That is, make the
points into curves.
In the following we shall pursue these ideas and use intersection theory (as
de"ned in, e.g., [5]) on the variety X to answer the questions posed above. We
"nd lower bounds on the minimum distance, hence su$cient criteria for the
injectivity of the germ map.
For a global section s of a line bundle ‚ we shall let Z(s) denote the
corresponding e!ective divisor. If C is a curve on X, we shall denote the
intersection number of ‚ and C by ‚ )C. It is calculated as the degree of the
divisor cut out on C by any section Z(s).
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and Codes
Let X be a projective variety of dimension at least two. For<-X a closed
subvariety de"ned by a coherent sheaf of ideals I and for a line bundle ‚ on
X, one de"nes the (local ) Seshadri constant of ‚ at < as
e(‚, <)"supMe3Q : f *‚!eE is nefN
(here f :BlIXPX is the blow-up with exceptional divisor E). When < is
a set of points P"Mx
1
,2, xmN we have the equality
e (‚,P)"inf
C G
‚ )C
+
i
mult
xi
(C)H
the in"mum being taken over all irreducible curves C in X.
The (global ) Seshadri constant of ‚ is e(‚)"inf
x|X
e(‚, x). We state the
well-known result [12, Theorem 7.1]:
THEOREM 3.1. (Seshadri’s Criterion for Ampleness). ‚et ‚ be a line
bundle on a projective variety X. „hen
‚ is ample if and only if e (‚)’0.
Remark 3.1. If ‚ is very ample then e(‚)51.
LEMMA 3.1. ‚et X be a projective variety, ‚ a line bundle on X.
(1) If ‚ is generated by global sections then ‚ is nef.
(2) For any proper morphism f :>PX we have that f *‚ is nef (on >) if
‚ is nef (on X).
Proof. Let s
0
, s
1
,2, sn3! (X, ‚) generate ‚. These sections de"ne
a proper morphism i : XPPn such that ‚"i*OPn (1) [13, Theorem II.7.1].
Let CLX be an irreducible curve. Then, by the projection formula [5,
Theorem 3.2. (c)],
‚ )C"i*OPn(1) )C"OPn (1) ) i*C.
Now either i (C) is a curve and then the right hand side is the degree of this
curve or i (C) is a point in which case the right hand side is zero. Hence
‚ )C50 for any irreducible curve. The second assertion follows similarly
from the projection formula: f *‚ )C"‚ )F
*
C50. j
PROPOSITION 3.1. ‚et X be a non-singular projective variety de,ned over F
q
.
‚etI be the ideal sheaf of the F
q
-rational pointsP"MP
1
,2, PnN of X. ‚et ‚ be
a line bundle on X.
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for n’e1~$*.X‚$*.X, the germ map (2) gives a code of length n and minimum
distance d5n!e1~$*.X‚$*.X.
(2) Suppose ‚? m ?I is generated by global sections (such m3N exists if,
for example, ‚ is ample). „hen, for n’m$*.X~1‚$*.X, the germ map (2) gives
a code of length n and minimum distance d5n!m$*.X~1‚$*.X.
In both cases, the code will have dimension k4h0 (X, L) (with equality if
the bound on d is positive).
Proof. By de"nition, f *‚!e+n
i/1
E
i
is nef on BlIX. Suppose there exists
a non-zero section s3! (X, ‚) mapping to zero in the germs ‚
Pi
, i3I (and
non-zero otherwise). Then s3!(X, ‚?I
I
) de"nes a non-zero section of the
bundle f *‚?O (+
i|I
!E
i
) on BlIX. Hence f *‚!+
i|I
E
i
is represented by
an e!ective divisor on BlIX. But then [12, Theorem 6.1],
Af *‚!e
n
+
i/1
E
iB
$*.X~1
)Af *‚!+
i|I
E
iB50.
Or equivalently, dI4e1~$*.X‚$*.X (we have always (!E
i
)$*.X"!1). So
a section maps to zero in e1~$*.X‚$*.X points at the most. Hence
n!d4e1~$*.X ‚$*.X.
For the second part, let n :BlIXPX be the blow-up of I. Then
n*(‚?m ?I)"n*‚?m!E is nef by Lemma 3.1. Now argue as in the "rst
part. j
EXAMPLE 3.1. Let X"P2, ‚"OP2 (m) (m4q), and let P denote the
F
q
-rational points of X.
The study of ample line bundles on the blow up of the projective plane in
a given number of points is well studied (cf. [3, 29] and the references given
there).
Let us determine a lower bound for e (‚,P): For any irreducible curve, we
may (using methods similar to those in [25]) bound the sum
+
P|P
mult
P
(C)4J(deg(C)!1)(deg(C)!2)(deg(C)q#1)
if deg(C)4q#1. For deg(C)5q#1 the sum can be bounded by
J(deg(C)!1)(deg(C)!2)(q2#q#1). So, in any case,
+
P|P
mult
P
(C)4J(deg(C)!1)(deg(C)!2)(q2#q#1)
4deg(C)(q#1).
538 S"REN HAVE HANSENSo, for all irreducible curve CLX,
‚ )C
+
P|P
mult
P
(C)
" mdeg(C)
+
P|P
mult
P
(C)
5 m
q#1 .
Hence e(‚, P)5(m/q#1) and the "rst method of the proposition then gives
the bound n!d4(m/q#1)m2"m(q#1). The dimension of the code is of
course k"1
2
(m#1)(m#2) and the length is n"q2#q#1.
The second method gives almost the same result: a calculation shows that
locally OP2(mm)?I is generated by sections of degree mm!q. If mm’q,
these sections glue to give global sections (see, for example, the proof of
Serre’s theorem [13, Theorem II.5.17]). Hence, choosing m"v(q#1)/mw
makes OP2(mm) ?I generated by global sections. We therefore obtain the
bound n!d4mm24m(q#1).
We may also prove:
THEOREM 3.2. ‚et X be a normal projective variety de,ned over F
q
; assume
dimX52. ‚etP be the F
q
-points of X and let n :>PX be a birational proper
morphism with exceptional ,bres (divisors) E
i
over the points ofP. Assume> is
non-singular and let H be an ample line bundle on >. „hen, for any line bundle
‚ on X, we can construct codes with parameters
n"dP
d’n! H$*.X~1 ) n*‚
min
i
MH$*.X~1 )E
i
N
k4dim! (X, ‚) (with equality if the bound on d is positive).
Proof. Only the claim about the minimum distance is non-trivial. So let
s3!(X, ‚) be a section of ‚ mapping to zero in the germs, ‚
Pi
, i3I for some
index set I. As n is dominant, this gives us a non-zero global section of the line
bundle n*‚?O
Y
(!+
i|I
E
i
) [17, Lemma 2.35]. So this bundle is represented
by an e!ective divisor, whence
0(H$*.X~1 )An*‚?OYA!+
i|I
E
iBB
"H$*.X~1 ) n*‚!+
i|I
H$*.X~1 )E
i
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then
dI( H$*.X~1 )n*‚
min
i
MH$*.X~1 )E
i
N
(recall that H is ample). The formula for d follows. j
Remark 3.2. As we shall see below, this method works particularly well
when X belongs to a special class of complete intersections of Hermitian
hyper-surfaces, since in that case we may take > to be a non-singular
Deligne}Lusztig variety. Giving ample line bundles on such varieties is easy
(cf. the methods developed in [14]).
3.2. Complementary Dimensions
Now we turn to the other approach. The following observation is straight-
forward, but useful:
PROPOSITION 3.2. ‚et X be a normal projective variety de,ned over F
q
of
dimension at least two. ‚et C
1
,2,Ca be (irreducible) curves on X with Fq-
rational points P"MP
1
,2, PnN. Assume the number of Fq-rational points on
rational C
i
is less than N. ‚et ‚ be a line bundle on X, de,ned over F
q
, such
that ‚ )C
i
50 for all i. ‚et
l" sup
s|! (X,L)
dMi : Z(s) contains C
i
N.
„hen the code C(‚, P) has length n and minimum distance
d5n!lN! a+
i/1
‚ )C
i
.
If ‚ )C
i
"g4N for all i, then d5n!lN!(a!l)g.
Proof. Let s3! (X, ‚) be a section and D its corresponding divisor of
zeros. The vector a (s)3Fn
q
has d (DWX
i
C
i
)(F
q
) zero coordinates. Set-theoret-
ically we have
DW
a
Z
i/1
C
i
"A Z
Ci-D
C
iBXADW Z
CiJD
C
iB.
Since the last intersection is proper it follows that a (s) has at the most
lN#+
CiJD
‚ )C
i
coordinates equal to zero. As ‚ is non-negative along the
curves C
i
, the sum +
CiJD
‚ )C
i
is bounded by the larger sum over all curves.
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for the possible zeros we have counted twice by substracting lg from the
number of possible zeros. This yields the last formula. j
From the proof we immediately get:
COROLLARY 3.1. If n’lN#+a
i/1
‚ )C
i
, then the germ map
a :! (X, ‚)PFn
q
is injective.
Remark 3.3. This approach has also been considered (for super-singular
K3 surfaces) by K. Lauter (1995, unpublished).
COROLLARY 3.2. Assume furthermore that X is a non-singular surface and
that H is a nef divisor on X with H )C
i
’0 for all i. „hen
l4 ‚ )H
min
i
MC
i
)HN
. (8)
Consequently, if ‚ )H(C
i
)H for all i, we have l"0 and
d5n!m; m" a+
i/1
‚ )C
i
.
Proof. Let D be a member of the linear system corresponding to ‚
containing l of the curves C
i
. As H is nef,
‚ )H"D )H5min
i
MC
i
)HN ) l.
The assertion follows. j
EXAMPLE 3.2. Let X"P1]P1. We have Pic(X)KZ =Z. Let ‚ be a
line bundle on X of type (d
1
, d
2
) with d
i
non-negative integers (then ‚ is nef ).
The divisor H"(0, 1) is nef. Let P consist of the F
q
-rational points on X.
These points are distributed equally on q#1 disjoint lines C
i
. We may
assume that each C
i
is of type (1, 0); hence C
i
)H"1. We have
e"‚ )C
i
"d
2
, l"H )‚
H )C
i
"d
1
. (9)
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1
#d
2
(q#1 we obtain codes with parameters
n"(q#1)2
k"A
d
1
#1
d
1
B A
d
2
#1
d
2
B"(d1#1) (d2#1)
d5n!(d
1
#d
2
) (q#1)#d
1
d
2
.
We then have k#d5n!(d
1
#d
2
)q#1. As expected, the expressions are
symmetric in d
1
and d
2
. The code constructed has the same parameters as the
product code. (See also [9] for a description of this example in the framework
of toric varieties.)
EXAMPLE 3.3. Let X"P2 and let P consist of the q3#1 F
q2
-rational
points on the plane Hermitian curve C, given by the equation
C : Xq‘1
0
#Xq‘1
1
#Xq‘1
2
"0.
Let ‚"OP2(t) and set H"OP2 (1). Then, for 14t(q#1 the inequality,
t"‚ )H(C )H"q#1
is satis"ed; hence by Corollary 3.2 we get codes over F
q2
with parameters
n"q3#1
k"1
2
(t#1)(t#2)
d5n!‚ )C"n!t(q#1).
Taking q"2, t"2 yields a [9, 6, 3]
4
code.
More generally, if C is a non-singular plane curve of degree m, then the
same construction can be carried out, yielding codes with parameters
n"dC(F
q
) , k"1
2
(t#1)(t#2) and d5n!tm (for t(m). Taking t"m!1
yields the well-known bound k#d5n#1!g (C). So the construction
above also accounts for the curve codes.
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4.1. Deligne}‚usztig Surfaces
Now let X be a 2-dimensional Deligne}Lusztig variety XM (w). The numbers
of rational points of these surfaces are relatively large and are given in [21]
(typically we have dX (F
qd
)/dP2(F
qd
)&q4). Some examples are listed in
Table I.
We see that the number of F
qd
-rational points on XM (w) is given by a poly-
nomial of high degree in q. Furthermore, any divisor of the type
G"m
1
D
1
#m
2
D
2
will be GF-invariant.
First we shall see Proposition 3.2 and Corollary 3.2 in use:
PROPOSITION 4.1. ‚et X be the Deligne}‚usztig surface of type 2A
4
de,ned
over the ,eld F
q2
. „hen for t"1, 2,2, q2, we can construct a code on X over
F
q2
with parameters
n"(q5#1)(q3#1)(q2#1)
k"A
4#t
t B!A
4#t!(q#1)
t!(q#1) B
d4n!tP (q),
where P (q) is the monic polynomial P (q)"(q3#1)(q5#1)#(q#1)(q3#1)
(q2!t#1) of degree 8 in q.
Proof. We take P to be the F
q2
-rational points on X. From [21] we have
n"dP"(q5#1)(q3#1)(q2#1). These points are distributed equally on
the (q5#1)(q3#1) disjoint rational curves C
i
constituting the irreducible
components of the divisor D
2
(see De"nition 1.1).
Since the canonical divisor K
X
is ample cf. [14, 21, 23], we could take
H"K
X
. We shall however construct our codes from another line bundle
‚ which itself has the necessary properties for using Corollary 3.2; that is, we
shall see that we may take H equal to ‚.TABLE I
Numbers of Rational Points for Some Deligne}Lusztig Surfaces
GF d Number of F
qd
-points on XM (w)
2A
3
2 (q3#1)(q2#1)2
2A
4
2 (q5#1)(q3#1)(q2#1)
3D
4
3 (1#q3)2(1#q4#q8)
CODES FROM HIGHER-DIMENSIONAL VARIETIES 543For a suitable parabolic subgroup P of G (see [21, p. 565]), we have
a commutative diagram
X j&&" G/B
oB Bn
Z i&&" G/P K&&"P4
(10)
where Z is a complete intersection of the two Fermat hyper-surfaces of degree
q#1 and q3#1, i is an embedding, j is "nite, n is locally trivial (in the Zariski
topology), and o is birational and surjective; see [21, p. 565; 23, Sect. 8]. Of
course all morphisms are proper.
Let ‚"o*i*OP4(t). ‚ is then nef by Lemma 3.1. Since Z is a complete
intersection and is non-singular away from its F
q2
-rational points, Z is normal
[13, Proposition II.8.23]. Furthermore, as o is birational onto Z, we get
[17, Theorem 2.31],
!(X, ‚)K! (Z, i*OP4 (t)).
So, when in the range where the bound on the minimum distance ensures
injectivity of the evaluation map, we have k"dim! (Z, i*OP4 (t)).
Since Z is the intersection of two hyper-surfaces H
1
and H
2
of degrees
q#1 and q3#1, respectively, we get short exact sequences
0POP4 (t!(q#1))POP4 (t)POH1(t)P0
and
0PO
H1
(t!(q3#1))PO
H1
(t)PO
H1WH2
(t)P0
of line bundles (see, for example, [17, p. 232]). These sequences gives long
exact sequences of cohomology groups,
0PH0(P4, OP4 (t!(q#1)))PH0 (P4, OP4 (t))PH0(H1 , OH1 (t))P
H1(P4, OP4(t!(q#1)))PH1(P4 OP4(t))P
H1(H
1
, O
H1
(t))PH2(P4, OP4(t!(q#1)))P2
and
0#H0(H
1
, O
H1
(t!(q3#1))PH0 (H
1
, O
H1
(t))P
H0(Z, O
Z
(t))PH1(H
1
, O
H1
(t!(q3#1))P2.
544 S"REN HAVE HANSENBy the formulas [13, Theorem III.5.1] for cohomology of projective space,
the "rst long exact sequence reduces (for any t) to
0PH0(P4, OP4 (t!q#1)))PH0 (P4, OP4 (t))P
H0(H
1
, O
H1
(t))P0P0PH1(H
1
, O
H1
(t))P0P2.
Hence, for any t, H1 (H
1
, O
H1
(t))"0 and
dimH0(H
1
, O
H1
(t))"dimH0 (P4, OP4 (t))!dimH0 (P4, OP4 (t!(q#1)))
"A
4#t
t B!A
4#t!(q#1)
t!(q#1) B .
Now, for any t(q3#1, the last sequence then gives !(P4, OP4 (t))K
H0(H
1
, O
H1
(t)). The formula for k follows. (See also [13, Exercise III.5.5].)
By the commutativity of (10), ‚ is equal to the restriction to X of the line
bundle n*OP4 (t) on G/B. Using the same technique as described in [4, 9.1]
(and more detailed in [14]), we may express ‚ in terms of the boundary
divisors D
1
and D
2
,
‚?q5‘1"O
X
(t(q3#1)D
1
#t(q#1)D
2
) .
Furthermore, in [14, Example 5] the intersection numbers of the (compo-
nents of ) D
1
and D
2
was calculated. Hence,
‚ )C
i
"t; for all i
‚ )D
2
" t
q5#1 D2 ) ((q3#1)D1#(q#1)D2)
"t(q3#1)(q5#1)
‚ )‚"t2(q3#1)(q#1).
It follows that a divisor in the linear system corresponding to ‚ contains less
than (‚ )‚ /‚ )C
i
)"t(q#1)(q3#1) rational curves C
i
(each containing
q2#1 points from P). Since ‚ )C
i
"t is less than the number of points on
each curve, we may use the last part of Proposition 3.2.1 We "nally note that
the bound on d is strictly non-negative in the range 0(t4q2. j1The author thanks the referee for suggesting some re"nements of the proof yielding more
precise formulas for both k and d.
CODES FROM HIGHER-DIMENSIONAL VARIETIES 545Taking t"1 in the proposition, we obtain:
COROLLARY 4.1. ‚et X be the Deligne}‚usztig surface of type 2A
4
. „hen
we can construct a code on X over F
q2
with parameters
n"(q5#1)(q3#1)(q2#1)
k"5
d5n!(q5#1)(q3#1)!(q3#1)(q#1)q2.
Remark 4.1. Since all sections of the chosen line bundle ‚ &&come from Z,’’
it follows that the code on X is the repetition q3#1 times of the code on
Z with parameters
n
Z
"(q5#1)(q2#1)
k
Z
" 1
24
(t#1)(t#2)(t#3)(t#4)
d
Z
5n
Z
!t (q5#1)!t(q#1)(q2!t#1).
This is a quite good code, actually (the bound on d being close to the
Griesmer bound for large q).
For t"1, the code equals the one constructed by Rodier [22] from the
same complete intersection. Over F
q2
Rodier obtained codes with parameters
n"(q5#1)(q2#1), k"5, and d"q7!q3"n!(q5#q3#q2#1). The
estimates of Rodier are based on work by [2]. See also Example 4.2 below for
using Theorem 3.2 to determine bounds on these codes on Z.
The reason for choosing ‚ to be a pull-back from Z is to be able to give an
explicit formula for the dimension k. Of course we can also construct codes
from other line bundles on X besides those coming from G/B (or quotients
thereof ). Then we will need a more detailed study of the Picard group of X.
This problem is addressed in [15, 16].
4.2. Complete Intersections of Hermitian Hyper-Surfaces
EXAMPLE 4.1. Let X-P3 be the Fermat surface de"ned by Xq‘1
0
#Xq‘1
1
#
Xq‘1
2
#Xq‘1
3
"0. X is de"ned over F
q2
with its (q2#1)(q3#1) rational
points distributed equally on (q3#1)(q#1) rational curves C
i
cut out by the
equation Xq3‘1
0
#Xq3‘1
1
#Xq3‘1
2
#Xq3‘1
3
"0; see [20; 23, Sect. 6].
We will give bounds for the codes constructed from the line bundle
‚"OP3 (t) DX on X. In the "rst approach we will use Corollary 3.2.
546 S"REN HAVE HANSENAs OP3(q3#1) DXKOX(+ iCi ) we "nd (using the projection formula) thatm"+
i
‚ )C
i
"t(q3#1)(q#1). So by symmetry, ‚ )C
i
"t.
Using the projection formula once more, we may calculate the self-intersec-
tion ‚2 in the ambient space P3; hence ‚2"t2(q#1). This yields
l4t (q#1).
Again, for t4q, !(X, ‚)"! (P3, OP3 (t)). Hence for any t4q we obtain
a code with parameters
n"(q2#1)(q3#1)
k"1
6
(t#1)(t#2)(t#3)
d5n!t(q3#1)!+
i
‚ )C
i
"n!t(q3#1)(q#2).
This bound is actually not that good. The reason is that the curves C
i
are not
disjoint.
However, it happens that the blow-up> of X in all its F
q2
-rational points is
nothing but the Deligne}Lusztig variety corresponding to the 2A
3
case (see
[21]). As in the proof of Proposition 4.1 one determines an ample divisor,
M"j*L (!2j
1
!(q!1)j
2
!(q!1)j
3
)KO
Y
(2D
1
#D
2
)
(see [14] for a description of the notation L ( ) ) and how to calculate the
isomorphism). Let n :>PX denote the morphism given by the blow-up. We
"nd that n*‚?q3‘1"O
Y
(t(q#1)D
1
#tD
2
). So from Theorem 3.2 we now
get another bound on d,
d’n! M )n*‚
M ) [exc fibre]
"n!tq2 (q#1)2
q!1 .
This last bound on d is almost as sharp as the one obtained by Lachaud in
[18].
EXAMPLE 4.2. Let us construct codes on the complete intersection Z from
Proposition 4.1 using the line bundle ‚"OP4 (t) DZ. The morphism o :XPZ
from the Deligne}Lusztig variety corresponding to the 2A
4
case to Z is an
isomorphism expect over the F
q2
-rational points of Z where the "bre is
a Hermitian curve C. As in [14, Example 4] one calculates that
o*‚ )K
X
"t (q3#1)(q4#q3#q2!2q!3)
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X
)C"q2!1. Hence, for any t4q, we obtain codes with parameters
n"(q5#1)(q2#1)
k" 1
24
(t#1)(t#2)(t#3)(t#4)
d’n!t (q3#1)(q3#q!3)
q!1 .
The bound on d is not quite as good as the one obtained earlier (Remark 4.1)
but it is still of the same order of magnitude, d5n!tO(n5@7).
4.3. Ruled Surfaces
Let C be a non-singular curve of genus g de"ned over F
q
. Let E be a locally
free sheaf on C of rank 2. Let e"!deg’2E. If E is normalized and
decomposable, then e50. If E is normalized and indecomposable, then
!g4e42g!2.
Let X"Proj(SymmE) be the corresponding ruled surface. The projection
n : XPC is a P1-bundle with a section and a relatively ample line bundle
O
X
(1). Let C
0
be the corresponding divisor (when E is normalized, C
0
is the
image of a section of n). From [13, Chap. V.2] we gather the following results
about the divisors on X:
LEMMA 4.1. ‚et X be a ruled surface, de,ned as above.
(1) Pic(X)KZ? n*Pic(C).
(2) Num(X)KZ ) [C
0
] =Z ) [ f ] with product given by f 2"0, f )C
0
"1
and C2
0
"!e (here f is the numerical equivalence class of any ,bre of n).
(3) ‚et D"b
1
C
0
#b
2
f be a divisor. De,ne the rational number i depend-
ing on p"char(F
q
), e, and g by
i (p, e, g)"G
e, e50
1
2
e, e(0, g(2
1
2
e# p
g!1, e(0, g52
„hen D is ample (resp. nef ) when b
1
’0 and b
2
’b
1
i (resp. b
1
’0 and
b
2
5b
1
i).
(4) =hen E is the direct sum of two ample line bundles on C, then the
divisor C
0
is ample (see [12, „heorem III.1.1]).
EXAMPLE 4.3. Let C be any curve. Then, for any e50, the normalized
rank 2 bundle E"O
C
=O
C
(!e) gives a ruled surface with invariant e50.
For an example where e(0, see [13, V.2.11.6].
548 S"REN HAVE HANSENPROPOSITION 4.2. ‚et C be a non-singular curve of genus g. ‚et
n : X"P(E)PC be a ruled surface with invariant e5!g. ‚et f be the ,bre
over the point P
0
3C. Set a"dC(F
q
). „hen we can construct codes with
parameters
n"(q#1)a
k"h0 (C, Symmb1 (E)?O
C
(b
2
P
0
)), b
1
50, b
2
50
d5n!(a!l )b
1
!l (q#1), where l"b
1
(viw!e)#b
2
("b
2
for e50)
(assuming l(a and that the bound on d is strictly positive). If E is ample,
we have l"b
2
!b
1
e.
Proof. Let f
1
,2, fa be the "bres over the Fq-rational points of C. These
disjoint lines contain all F
q
-rational points of X. Let ‚"O
X
(b
1
C
0
#b
2
f ).
From [13, Lemmas V.2.1#4, Proposition II.7.11] it follows that
! (X, ‚)K! (C, n
*
‚)"! (C, Symmb1 (E)?O
C
(b
2
P)).
Now let H"C
0
#viw f. By Lemma 4.1, H is nef. We have H ) f
i
"1,
‚ ) f
i
"b
1
for all i and
H )‚"b
1
C2
0
#viwb
1
C
0
) f#b
2
f )C
0
#viw b
2
f 2
"b
1
(viw!e)#b
2
("b
2
for e50)].
With the notation of Proposition 3.2 and Corollary 3.2 we have
l4b
1
(viw!e)#b
2
. If E is ample, we may take H equal to C
0
and then
H )‚"b
2
!b
1
e. The proposition now follows from Proposition 3.2. j
COROLLARY 4.2. Over F
q2
there exist algebraic geometric codes with para-
meters
n"(q2#1)(q3#1)
k"b2
1
(q#1)#b
2
for q!2(b
1
4q#1, 04b
2
4q2
d5n!(q3#1!l )b
1
!l (q2#1), where l"2b
1
#b
2
(assuming that the bound and d is strictly positive).
CODES FROM HIGHER-DIMENSIONAL VARIETIES 549Proof. Let C be the Hermitian curve of q#1 in P2. C is de"ned over
F
q2
of genus g"1
2
q (q!1) and has the maximal number of points allowed,
namely q3#1. Let X"P(O
C
(1) =O (1)) be the ruled surface over C with
invariant e"!2. Then the line bundle O
X
(1) is ample on X. Let the codes be
constructed from the bundle ‚"O
X
(b
1
)?O
X
(b
2
f ). Since this bundle has
degree 2b
1
#b
2
with respect to O
X
(1), we must have l"2b
1
#b
2
.
We have h0(‚)"h0(Symmb1 (O
C
(1) =O (1) ?O
X
(b
2
MptN)). The bundle on
the right hand side is a sum of b
1
copies of the line bundleO
C
(b
1
)?O
X
(b
2
MptN)
and, for b
1
’q!2, these have so large degree that the formula follows from
the Riemann}Roch theorem [13, Theorem IV.1.3.]. j
ERXAMPLE 4.4. Taking q"2 in the above corollary we obtain codes over
F
4
. The (bounds on the) parameters are listed in Table II.
Remark 4.2. It should be noted that the codes constructed in Corollary 4.2
are better than those obtainable from the product code construction: On the
Hermitian curve C we have codes over F
q2
with parameters
n
1
"q3#1
k
1
5a!g#1; 04a4q3#1
d
1
5n
1
!a .
Similarly, on P1 we have (MDS) codes over F
q2
with parameters
n
2
"q2#1
k
2
"b#1; 04b4q2#1
d
2
"n
2
!b.
The product code has the same length n"n
1
n
2
as the codes constructed
above. The dimension of the product code is bounded below by
(a!g#1)(b#1). This bound is only non-zero for a5g"1
2
q (q!1). TheTABLE II
Parameters of Some Examples of Surface Codes over the Hermitian Elliptic Curve
b
1
1 1 1 2 2 2 3
b
2
0 1 2 1 2 0 0
k 3 4 5 13 14 12 27
d 28 24 20 12 9 15 6
Note. In all cases, n"45.
550 S"REN HAVE HANSENcodes constructed above all have dimension of order q3 (if we, for example,
take b
1
"q, then the dimension is bounded below by q2 (q#1)). To obtain
product codes with comparable dimension (bound), we will have to select
a and b rather large. The resulting bound on the minimum distance
d
130$
5d
1
d
2
"n!an
2
!bn
1
#ab will under these conditions always be
worse than the bound given in Corollary 4.2.
Note that, when taking ruled surfaces with invariant e"0, the codes
constructed in Proposition 4.2 will indeed be the product codes.
Remark 4.3. There is an obvious generalisation of Proposition 4.2: Let
X be a non-singular projective curve de"ned over a "nite "eld F
q
. Let E be
a vector-bundle on X of rank e with n :>"P (E)PX the corresponding
projective bundle over X. Then the Chow ring of > is given by the isomor-
phism of graded rings,
A*(>)KA*(X)[g]/(ge#c
1
(n*E)Wge~1#2#c
e
(n*E))
[5, Example 8.3.4] (g is the hyper-plane section on >). Set-theoretically we
have
>(F
q
)" Z
P|X(Fq)
n~1 (P) (F
q
).
Let ‚ be a line bundle on > from which we want to construct codes. Suppose
we have a section D3 D‚ D containing l "bres f
i
. Then, for any ample divisor
H on >, we have
H$*.Y~1 )‚5 +
fi-D
H$*.Y~1 ) f
i
.
(We may assume that H is very ample. Then, on any e!ective divisor, H cuts
out an e!ective divisor. Hence the assertion follows from the Nakai}
Moishezon criterion [13, Theorem A.5.1].) Hence, a section of ‚ can at the
most contain [He~1 )‚/He~1 ) f ] "bres (the "bres are algebraically equiva-
lent as X is non-singular) each containing n
e~1
points, where n
m
"dPm(F
q
).
Now, for ‚"O
Y
(t) ?O
Y
( f ) we have that when intersecting properly, each
section of ‚ cuts out a degree t hyper-surface in each "bre. For t(q, the
number of rational points on this section is bounded by tqe~2#n
e~3
(cf.
[25]). So the code obtained from evaluating the sections of ‚ in the F
q
-
rational germs will satisfy
n!d4n
e~1 C
H$*.Y~1 )‚
H$*.Y~1 ) f D#(tqe~2#ne~3) )dX(Fq).
CODES FROM HIGHER-DIMENSIONAL VARIETIES 551Remark 4.4. Using the above construction and the asymptotically good
towers of Garcia and Stichtenoth [6] we may easily make towers of long
surface codes. An interesting problem would be to determine the asymptotic
properties of these codes.
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